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We investigate the rate of superradiant emission for a number of artificial atoms (qubits) embedded in a
one-dimensional open waveguide. More specifically, we study the 1D (N+1)- qubit chain where N qubits are
identical in respect to their excitation frequency Ω but have different rates of spontaneous emission Γn, and a
single impurity qubit which is different from N qubits by its excitation frequency ΩP and rate of spontaneous
emission ΓP . This system is shown to have two hybridized collective states which accumulates the widths of
all qubits. The energy spectrum of these states and corresponding probabilities are investigated as the function
of the frequency detuning between the impurity and other qubits in a chain. It is shown that the inclusion of
impurity qubit alter the resonance widths of the system only in a narrow range of the frequency detuning between
qubits and impurity, where the resonance widths experience a significant repulsion. The photon transmission
through disordered N- qubit chain with impurity qubit is also considered. It is shown that a single photon
transport through this system is described by a simple expression which predicts for specific photon frequency
the existence of a complete transmission peak and transparency window between frequencies Ω and ΩP .
I. INTRODUCTION
The phenomenon of superradiance was first discovered by
R. H. Dicke [1], who showed that the system of N identi-
cal two level excited atoms undergoes a spontaneous coher-
ent transition to the ground state. This is accompanied by the
emission of N photons, the intensity of which scales as N2,
and the decay rate of which is Nγ , where γ is the decay rate
of an isolated atom. In [2] the possibility of a single photon
superradiance was indicated, which is realized when a single
photon is sent through a qubit chain the dimension of which
is much less the photon wavelength. In this case a single pho-
ton Dicke state is formed when N identical two level atoms
are in a symmetrical superposition of the states with one ex-
cited atom and N-1 atoms in the ground state. In this case, the
decay rate of a single photon is also equal to Nγ.
However, unlike the real atoms, qubits are intrinsically not
identical due to technological scattering of their parameters.
While the excitation energy of every qubit in a chain can,
in principle, be adjusted by external circuit, the decay rate
of every qubit is individual and cannot be controlled exter-
nally. Nevertheless, an array of many intrinsically disordered
artificial atoms globally coupled to a single waveguide mode
reveals the existence of collective quantum behavior corre-
sponding to coherent oscillations of qubits [3, 4].
In this paper we consider a one dimensional N + 1 qubit
chain in an open waveguide, where N qubits have the same
excitation frequencyΩ and are disorderedwith respect to their
rates of spontaneous emission Γn, while a single impurity
qubit has different excitation frequency Ωp and the rate of
spontaneous emission Γp. The incident photon is directed
along waveguide axis. The qubits are not coupled directly.
They interact only via a common photon field in a waveguide.
The goal of our study is to investigate the influence of impurity
qubit on the formation of superradiant state and its character-
istics. The system under study is described by a non Hermitian
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Hamiltonian which accounts for the irreversible decay of the
excited qibits to the continuum.
The paper is organized as follows. In the Section II we find
the collective states for N disordered qubits in the chain. In-
spite of the fact that for N qubits all rates of spontaneous emis-
sion are different there exists a single collective state which
accumulates all the qubits’ widths. Other N-1 states are non-
decaying degenerate states with the same energy, ~Ω. In Sec-
tion III the Hilbert space is enlarged to include the impurity
qubit in the system. The presence of the impurity qubit results
in a hybridization of its state with the superradiant collective
state of N qubit chain. We investigated the dependence of
the energy spectrum of this enlarged system on the detuning
∆Ω = Ω − ΩP . At the end of the section we calculated the
contribution of N- qubit state and impurity wavefunction to
the formation of hybridized states depending on the frequency
detuning. In Section IV the photon transmission through dis-
ordered N- qubit chain with impurity qubit is considered. It
is shown that a single photon transport through this system
is described by a simple expression which predicts for spe-
cific photon frequency the existence of a complete transmis-
sion peak and transparency window between frequencies Ω
and ΩP .
II. COLLECTIVE STATES OF DISORDERED N- QUBIT
CHAIN
As a basis set of state vectors we take the states where one
qubit is in the excited state |e > and the other N-1 qubits
are in the ground state |g > . Therefore, we have N vectors
|n >= |g1, g2, .....gn−1, en, gn+1, ....gN−1, gN >. The spon-
taneous emission of the excited qubit results in a continuum
states |k >= |g1, g2, .......gN−1, gN , k > , where all qubits
are in the ground state and there is one photon in a waveguide.
The interaction of qubits with a photon field can be described
2by a non-Hermitian Hamiltonian [†]:
H = HS − iW (1)
where
HS =
N∑
n=1
1
2
(
1 + σ(n)z
)
Ωn (2)
is Hamiltonian ofN noninteracting qubits, andW describes
the interaction of qubits with the photon field. The matrix
elements of Hamiltonian (1) in the |n > representation are:
〈m|H |n〉 = Ωnδm,n − i 〈m|W |n〉 ; 1 ≤ m,n ≤ N (3)
If the distance between qubits along the direction of the
photon scattering (z- axis) is much less than the photon wave-
length, the matrix element on the right-hand side of Eq. (3)
takes the form [5]:
〈m|W |n〉 =
√
ΓmΓn (4)
where Γn is the rate of spontaneous photon emission from
a state where the n-th qubit is excited. Therefore, we get
from (3) a non-Hermitian N × N matrix, where the main
diagonal elements and off-diagonal elements are Ωn − iΓn
and −i√ΓnΓm, respectively. The incident photon, when ab-
sorbed, can excite any qubit. As we do not know which of the
N qubits is excited, the wave functions of the system should
be expressed as a superposition of the state vectors |n > :
Ψi =
N∑
n=1
cn,i |n〉 (5)
where i = 1, 2, .N .
In general, it is hard to obtain for large N the energy spec-
trum of this system, however, the problem is much simplified
if all qubits have the same excitation energy: Ωn = Ω. It
is not difficult to show that in this case the solution of the
Schro¨dinger equation HΨ = EΨ with H and Ψ from Eqs.
(1) and (5), respectively, has the following properties.
1) There is a single non stationary state with the complex
energy ES = Ω − iΓS where ΓS =
N∑
n=1
Γn. This resonance
accumulates decay widths of all qubits. The wave function of
this state is as follows:
|ΨS〉 = A
N∑
n=1
√
Γn
Γ1
|n〉 (6)
[†] In what follows we set for convenience ~ = 1, so that all energies are
expressed in frequency units.
where A is a normalizing factor: A =
√
Γ1/ΓS .
2) There areN−1 degenerate mutual orthogonal stationary
states with the energy E = Ω:
|Ψm〉 =
∑N
n=1
√
Γn
Γ1
cmn |n〉 (m = 1, 2, ...N − 1) (7)
where the coefficients cmn in (7) satisfy N − 1 conditions
∑N
n=1
Γnc
m
n = 0 (8)
which ensures the orthogonality of the functions (6) and (7):
〈ΨS |Ψm〉 = 0.
If we assume the same rate of spontaneous emission for all
qubits: 〈m|W |n〉 = Γ, then we get the known result [5, 6]:
there is a single resonant state ES = Ω − iNΓ, the wave
function of which is a symmetric coherent superposition of
the state vectors |n > , where all quantities cn,i are the same:
|ΨS〉 = 1√
N
N∑
n=1
|n〉 (9)
The N − 1 degenerate mutual orthogonal stationary states
with the energy E = Ω are given by the wave functions (7)
with N − 1 conditions∑Nn=1 cmn = 0.
The collective state (9), which we call a single photon
Dicke state [7], is formed by a single photon, which propa-
gates through the N qubit chain. Therefore, under this condi-
tion, the state (9) decays with a rate which is N times faster
than the rate of the spontaneous emission of a single qubit.
III. HYBRIDIZED STATES OF DISORDERED N- QUBIT
CHAIN AND THE IMPURITY
We consider N qubit chain, where all qubits have the same
excitation frequency Ω but different rates of spontaneous
emission Γn. The parameters of the impurity qubit we de-
note as Ωp and Γp. The non Hermitian Hamiltonian for the
whole system reads:
H = HS − iW +Hp − iWp (10)
The first two terms in right hand side of (10) are just Hamil-
tonian (1) for N- qubit chain,Hp is a Hamiltonian of impurity
qubit,Wp describes the decay of impurity qubit via its direct
interaction with a photon field and indirectly via its photon
mediated interactions with other qubits in a chain. The matrix
elements of Eq. (10) in the |n > representation are:
〈m|H |n〉 = Ωδm,n − i 〈m|W |n〉 = Ωδm,n − i
√
ΓnΓm
〈p|H |n〉 = −i 〈p|Wp |n〉 = −i
√
ΓpΓn
〈p|H |p〉 = Ωp − i 〈p|Wp |p〉 = Ωp − iΓp
(11)
where |p > is the state of impurity qubit.
3A. CALCULATION OF THE ENERGY SPECTRUM
It is convenient to write (11) in explicit matrix form as a
sum of two (N + 1)× (N + 1) matricesH = H0 + V :
H0 =


Ωp − iΓp 0 0 . . . 0
0 Ω− iΓ1 −iΓ12 . . . −iΓ1N
0 −iΓ21 Ω− iΓ2 . . . −iΓ2N
...
...
...
. . .
...
0 −iΓN1 −iΓN2 . . . Ω− iΓN


(12)
V =


0 −iΓp1 −iΓp2 . . . −iΓpN
−iΓ1p 0 0 . . . 0
−iΓ2p 0 0 . . . 0
...
...
...
. . .
...
−iΓNp 0 . . . . . . 0

 (13)
where Γmn = Γnm =
√
ΓmΓn, Γpn = Γnp =
√
ΓpΓn.
The matrix V exhibits photon mediated interaction between
impurity atom and other N qubits.
The basis wave functions for the system (N qubits + impu-
rity atom) are the states (6) and (7), and the state of the im-
purity atom, which is denoted as |ϕp〉 . For subsequent calcu-
lations we express these states as the N+1-component column
vectors:
|ϕp〉 =


1
0
0
. . .
0
0


; |ΨS〉 = A√Γ1


0√
Γ1√
Γ2
....√
ΓN−1√
ΓN


;
|Ψn〉 = 1√Γ1


0√
Γ1c
n
1√
Γ2c
n
2
. . .√
ΓN−1cnN−1√
ΓNc
n
N


(14)
It can be easily verified that the wave functions (14) are
the eigenfunctions for Hamiltonian H0: H0 |ϕp〉 = (Ωp −
iΓp) |ϕp〉 , H0 |Ψn〉 = Ω |Ψn〉, H0 |ΨS〉 = (Ω− iΓS) |ΨS〉.
The decomposition ofH intoH0 and V is justified by the fact
that due to the conditions (8) the dark states |Ψn〉 are unaf-
fected by the interaction term V . Hence, the interaction ma-
trix V mixes up only the states |ΨS〉 and |ϕp〉. Therefore, we
express the solution of HamiltonianH as a hybridized state
|Ψ〉 = Cp |ϕp〉+ CS |ΨS〉 (15)
The energies E and the superposition factors CP , CS can be
found from Schrodinger equationH |Ψ〉 = E |Ψ〉 forH (12),
(13) and |ϕp〉 , |ΨS〉 (14). Thus, we obtain for the coefficients
CP , CS in (15) two coupled equations:
(Ωp − iΓp − E)Cp − i
√
ΓpΓs CS = 0 (16)
− i
√
ΓpΓsCp + (Ω− iΓs − E)CS = 0 (17)
The energiesE are found by equating determinant of this sys-
tem to zero. The result is as follows:
E± = Ω− ∆Ω2 − i2 (ΓS + ΓP )
± 12
√
[∆Ω− i (ΓS − ΓP )]2 − 4ΓSΓP
(18)
where∆Ω = Ω− Ωp.
In what follows we analyze the behavior of real and imagi-
nary parts of complex resonancesE± of Eq. (18) as a function
of the impurity detuning∆Ω. We show that the widths of two
resonances experience the repulsion in a narrow range of ∆Ω
near zero. The effect of repulsion of resonance widths in open
systems is known for a long time [8, 9]. Due to this effect
the impurity atom gives rise to the enhancement of the rate of
superradiance emitted by assembly of N qubits.
First, using the method described in [8], we obtain from
(18):
(E+ − E−)2 = (∆Ω)2 − (ΓS + Γp)2 − 2i∆Ω(ΓS − Γp)
(19)
Second, we explicitly split E± into real and imaginary parts
E+ = ε+ − iγ+; E− = ε− − iγ− (20)
Summing up these two equations and using explicit expres-
sion (18) for E±, we obtain:
ε+ + ε− = Ω− ∆Ω
2
; γ+ + γ− = ΓS + ΓP (21)
Second equation in (21) is of general nature: total width of all
resonances has to be equal to the sum of all individual width
[10].
Then, from (19) we obtain two coupled equations for∆ε =
ε+ − ε− and∆γ = γ+ − γ− :
(∆ε)2 − (∆γ)2 = (∆Ω)2 − (ΓS + Γp)2 (22)
∆ε∆γ = ∆Ω(ΓS − Γp) (23)
We could solve these equations for ∆ǫ and ∆γ , however,
we prefer to analyze their properties and show the behavior
of ǫ± and γ± on the graphs below. First, we notice from (23)
that at the point∆Ω = 0, the only solution which is consistent
with (22) is ∆ǫ = 0, ∆γ = ±(ΓS + ΓP ). If ΓS = ΓP there
are two possibilities: 1) ∆γ = 0, ∆ǫ 6= 0 for |∆Ω| > 2ΓP ,
and 2)∆γ 6= 0,∆ǫ = 0 for |∆Ω| < 2ΓP .
For the case ∆Ω = 0, we obtain from (18) the expected
result: E+ = Ω, E− = Ω− i(ΓS + ΓP ). If detuning is large
(∆Ω ≫ ΓS) we obtain from (18): E+ = Ω − iΓS , E− =
ΩP−iΓP . This result is also reasonable, since for large detun-
ing two systems (the impurity qubit and N- qubit chain must
be independent.
Below we study the dependence of the real and imaginary
parts of energies (18) on the detuning ∆Ω. For above quan-
tities we take the values which are relevant for superconduct-
ing qubits which operate in a microwave domain. We take
4Ω/2π = 5 GHz, Γav/2π = 5 MHz, where we introduce the
average rate Γav = ΓS/N . The dependence of real parts of
the energies E± (18) on the detuning is shown in Fig. 1 for
five qubits with the same excitation frequency and one impu-
rity qubit with excitation frequencyΩp.
FIG. 1: Color online. The dependence of real parts of energies
E± (18) on the detuning. N=5, ΓP /Γav = 4, Ω/2π = 5 GHz,
Γav/2π = 5MHz. Blue (solid) line is for ǫ+, green (dashed) line is
for ǫ−
Two lines in Fig.1 do not intersect but only touch each other
in a single point∆Ω = 0.
The dependence of normalized widths on the detuning is
shown in Fig.2. We note from this figure that the widths of
FIG. 2: Color online. The dependence of normalized imaginary parts
of energies, γ±/Γav , on the detuning. N=5, ΓP /Γav = 4, Ω/2π =
5 GHz, Γav/2π = 5MHz. Blue (solid) line is for γ+, green (dashed)
line is for γ−
two resonances experience the repulsion in a narrow range of
∆Ω near zero. It is seen that the transition from the width
ΓS + ΓP (for the point ∆Ω = 0) to the width ΓS , and from
zero width to Γp for the impurity occurs in a narrow frequency
range of frequency detuning not exceeding one percent from
the qubit excitation frequency. Another interesting point is
that the ”phases” of two complex resonances (18) experience
a jump when crossing zero point of detuning. The reason for
this is that the quantity ∆ǫ does not change the sign when
crossing the zero detuning point ∆Ω = 0 as is seen from
Fig.1. Then, from equation (23) it follows that the quantity
∆γ must change its sign together with the sign of∆Ω.
Below we consider the behavior of complex energies (18)
for ΓS = ΓP . As is shown in Fig.3, the real parts of the com-
plex energies are merged between the points A and B where
|∆Ω| < Γp. However, in this region the resonance widths are
repulsed reaching the maximum repulsionΓS+ΓP at zero de-
tuning ∆Ω = 0 (see Fig.4). In the region where |∆Ω| > Γp,
the picture is different: the real parts of energies are repulsed
while the widths are merged.
FIG. 3: Color online. The dependence of real parts of energies on the
detuning. N=5, ΓP /Γav = 5, Ω/2π = 5 GHz, Γav/2π = 5 MHz.
Blue (solid) line is for ǫ+, green (dashed) line is for ǫ−
FIG. 4: Color online. The dependence of normalized imaginary parts
of energies, γ±/Γav , on the detuning. N=5, ΓP /Γav = 5, Ω/2π =
5 GHz, Γav/2π = 5MHz. Blue (solid) line is for γ+, green (dashed)
line is for γ−
B. Calculation of probability factors
Here we find the probability factors CP and CS in (15).
The eigenenergies (18) correspond to two eigenfunctions
|Ψ±〉 = C±p |ϕp〉+ C±S |ΨS〉 (24)
Since non- Hermitian Hamiltonian H is symmetric (see
(12), (13)), H = Ht, we have H† = H∗ with the conse-
quence that the dual basis states ofH†, |Φ±〉 can be chosen as
[11]:
5|Φ±〉 =
∣∣Ψ∗±〉 = C±∗p |ϕp〉+ C±∗S |ΨS〉 (25)
〈Φ±| =
〈
Ψ∗±
∣∣ = C±p 〈ϕp|+ C±S 〈ΨS | (26)
with the orthogonality conditions
〈
Ψ∗±|Ψ±
〉
= 1;
〈
Ψ∗±|Ψ∓
〉
= 0 (27)
From (27) we obtain
(
C±p
)2
+
(
C±S
)2
= 1 (28)
C±p C
∓
p + C
±
S C
∓
S = 0 (29)
Using the equation (16) in the form
(Ωp − iΓp − E±)C±P − i
√
ΓpΓs C
±
S = 0 (30)
and the conditions (28), (29), we find the following expres-
sions for C±p , C
±
S :
C±P = ∓i
Ω− iΓS − E±√
ΓSΓP − (Ω− iΓS − E±)2
(31)
C±S = ±
√
ΓSΓP√
ΓSΓP − (Ω− iΓS − E±)2
(32)
The orthogonality condition (29) can be written as
(Ω− iΓs − E+)(Ω− iΓs − E−)− ΓSΓP = 0 (33)
which can be proved analytically with the aid of explicit
expression (18) for E±.
The equation (33) allows one to rewrite the factorsC±p , C
±
S
in a following form:
C±P = ∓i
√
Ω− iΓS − E±√
±(∆ε− i∆γ) (34)
C±S = ±
1√
±(∆ε− i∆γ)
√
ΓPΓS√
Ω− iΓS − E±
(35)
where∆ǫ and∆γ are defined in (20).
As is seen from (34) and (35) the quantities
∣∣C±P ∣∣2 , ∣∣C±S ∣∣2
cannot be taken as a measure of the probabilities, since they
can be greater than one, especially for the case ΓS = ΓP
in the vicinity of exceptional points ∆Ω = ±2ΓP , where
∆ε = ∆γ = 0. The reason for this is that the wave function
(24) of non Hermitian Hamiltonian (12), (13) cannot be nor-
malized to unity [12]. Therefore, we define the corresponding
probabilities as follows:
P±P =
|〈ϕP |Ψ±〉|2
|〈Ψ±|Ψ±〉|2
=
∣∣C±P ∣∣2∣∣C±P ∣∣2 + ∣∣C±S ∣∣2
(36)
P±S =
|〈ΨS |Ψ±〉|2
|〈Ψ±|Ψ±〉|2
=
∣∣C±S ∣∣2∣∣C±P ∣∣2 + ∣∣C±S ∣∣2
(37)
The explicit forms for these probabilities read:
P±P =
(Ω− iΓS − E±)(Ω + iΓS − E∗±)
(Ω− iΓS − E±)(Ω + iΓS − E∗±) + ΓSΓP
(38)
P±S =
ΓSΓP
(Ω− iΓS − E±)(Ω + iΓS − E∗±) + ΓSΓP
(39)
The detuning dependence of the probabilities P+P and P
+
S
for hybridized state |Ψ+〉 (24) is shown in Fig.5. These plots
were drawn for the same parameters as those in Fig.1 and
Fig.2. We see that for relatively large detuning the contri-
bution of the one of two wave functions (|φP 〉 or |ΨS〉) to the
formation of hybridized state |Ψ+〉 becomes dominating. For
positive detuning the contribution of the state |ΨS〉 dominates
the formation of hybridized state, while for negative detuning
the domination is observed for the state |φP 〉. For small de-
tuning (∆Ω < (ΓS + ΓP )) the probabilities P
+
P and P
+
S are
weakly dependent on detuning. At zero detuning we observe
the jump between P+P and P
+
S , the origin of which is related
to the phase jump shown in Fig. 2.
FIG. 5: Color online. The dependence of probabilities P+
P
, P+
S
for
the state |Ψ+〉 on the detuning. N=5, ΓP /Γav = 4, Ω/2π = 5 GHz,
Γav/2π = 5MHz. Blue (solid) line is for P
+
P
, green (dashed) line is
for P+
S
The dependence of the probabilities P−P and P
−
S on the de-
tuning for hybridized state |Ψ−〉 (24) is shown in Fig. 6. The
plots were drawn for the same parameters as those in Fig.1
and Fig.2. This picture is a mirror image of the one shown in
6Fig. 5. Hence, all properties of the plots in Fig. 6 regarding to
the contribution of the states (|φP 〉 and |ΨS〉) to the formation
of hybridized state |Ψ−〉 are the same (with account for mirror
reflection) as those shown in Fig. 5.
FIG. 6: Color online. The dependence of probabilities P−
P
, P−
S
for
the state |Ψ−〉 on the detuning. N=5, ΓP /Γav = 4, Ω/2π = 5 GHz,
Γav/2π = 5MHz. Blue (solid) line is for P
−
P
, green (dashed) line is
for P−
S
Figs. 7, 8 show the same dependences as those from Figs.
5, 6, but for the case ΓS = ΓP ≡ Γ. The plots of real
and imaginary parts of the complex energy for this case are
shown in Figs. 3, 4. We see that in the central region of these
plots, |∆Ω| < 2Γ, the contributions of the wave functions
|φP 〉 and |ΨS〉 to the formation of hybridized states |Ψ±〉 are
equal (P+S = P
+
P in Fig. 7 and P
−
S = P
−
P in Fig. 8). It can
be shown explicitly, that for this case in the detuning range
|∆Ω| ≤ 2Γ the following relation holds
(Ω− iΓ− E±)(Ω + iΓ− E∗±) = Γ2
Therefore, from (38), (39) we obtain P±P = P
±
S = 0.5 in this
range.
FIG. 7: Color online. The dependence of probabilities P+
P
, P+
S
on the detuning. N=5, ΓP /Γav = 5, Ω/2π = 5 GHz, Γav/2π =
5MHz. Blue (solid) line is for P+
P
, green (dashed) line is for P+
S
FIG. 8: Color online. The dependence of probabilities P−
P
, P−
S
on the detuning. N=5, ΓP /Γav = 5, Ω/2π = 5 GHz, Γav/2π =
5MHz. Blue (solid) line is for P−
P
, green (dashed) line is for P−
S
.
IV. PHOTON TRANSPORT THROUGH A DISORDERED
N-QUBIT CHAIN
There are many papers where the one- photon transmission
and reflection spectra are studied for two or more qubits in-
teracting with waveguide, plasmonic or resonator modes. It
was reported that for some specific qubit arrays it is possible
to form a reflection or transmission window in a broad wave
range [13–16].
Here we show that for system we study, namely, N qubits
with equal excitation frequencyΩ and different rates of spon-
taneous emission Γn, and a single impurity qubit with excita-
tion frequency ΩP and rate of spontaneous emission ΓP , the
expressions for transmission and reflection spectra are greatly
simplified: they are reduced to those for two qubits with dif-
ferent excitation frequencies.
In the single- photon approximation and long wavelength
limit (ωL/vg ≪ 1, where L is the chain length, vg group
velocity of the waveguide mode) the general expression for
the transmission coefficient for N- qubit chain is as follows
[5]:
tN =
∏N
n=1 (ω − Ωn)∏N
n=1 (ω − zn)
(40)
where ω is the frequency of incident photon, zn are the
eigenenergies of non Hermitian Hamiltonian (1). For the sys-
tem studied in this paper the expression (40) can be reduced
to the form below:
tN =
(ω − Ω)(ω − ΩP )
(ω − E+)(ω − E−) (41)
where the quantities E± are given in (18).
Explicit expressions forE± allow to rewrite (41) in the fol-
lowing form
tN =
x(x+∆Ω)
x[x + i(ΓS + ΓP )] + ∆Ω[x+ iΓS ]
(42)
7where x = ω − Ω; ∆Ω = Ω− ΩP ; ΓS =
∑N
n=1 Γn.
Similar calculations give the expression for reflection am-
plitude:
rN = −i x(ΓS + ΓP ) + ∆ΩΓS
x[x+ i(ΓS + ΓP )] + ∆Ω[x+ iΓS]
(43)
If∆Ω = 0, the transmission (42) takes the form:
tN =
ω − Ω
[ω − Ω + i(ΓS + ΓP )] (44)
It follows from (44) that for N qubits identical in their exci-
tation frequencies the width of the resonance dip accumulates
the widths of all resonances in the system. It corresponds to
the point ∆Ω = 0 at the plots shown in Figs. 2, 4, where the
resulting width of the resonance at this point becomes a sum
of the widths of all N qubits, ΓS and the width of the impu-
rity, ΓP . As it follows from (44) the best way to reveal the
existence of collectivized qubit state is to measure a phase of
transmission signal the magnitude of which scales as the num-
ber of qubits which take part in the formation of this collective
state [3, 4].
The expression (42) describes, in fact, two qubits with the
parameters Ω,ΓS and ΩP ,ΓP , respectively. The interesting
feature of this expression is that there exists the photon fre-
quency at which a complete transmission is observed. This
frequency corresponds to the point where the imaginary part
of denominator in (42) (or nominator in (43)) becomes zero:
x(ΓS + ΓP ) + ∆ΩΓS = 0
Therefore, we see that at the point
ωc = Ω−∆Ω ΓS
ΓS + ΓP
=
ΩΓP +ΩPΓS
ΓS + ΓP
(45)
the transmission tN=1. The frequency ωc lies just in between
two frequencies , Ω and ΩP .
This property was earlier reported in [5] for three qubits
(Fig.14 in [5]). As was noted there the frequencies at which
complete transmission is observed, correspond to the frequen-
cies which provide zero to the reflection amplitude. They
do not, in general, coincide with the frequencies of the res-
onances (real parts of the complex energies) found from the
system Hamiltonian.
For our system it can be shown explicitly that ωC can be
expressed in terms of real and imaginary parts of complex en-
ergies E± as follows:
ωc =
ε+γ− + ε−γ+
γ+ + γ−
(46)
The equivalence of right hand sides of Eqs. (45) and (46) can
be seen if in (46) we express ε± and γ± in terms of ∆ǫ and
∆γ and use the equation (23).
The form of the transmission plot depends mainly on the
relation between two quantities ΓS(ΓP ) and the frequency de-
tuning ∆Ω. As the spontaneous rates ΓS,P are directly pro-
portional to the qubit -photon interaction, we expect that for
FIG. 9: Transmission spectrum |t|2 as a function of the photon fre-
quency. Ω/2π = 5 GHz, ΩP /2π = 5.05 GHz, ΓS/2π = 20MHZ,
ΓP /2π = 15MHz.
FIG. 10: Transmission spectrum |t|2 as a function of the photon fre-
quency. Ω/2π = 5 GHz, ΩP /2π = 5.05 GHz, ΓS/2π = 2 MHZ,
ΓP /2π = 1.5MHz.
ΓS,P ≈ ∆Ω the plot will have the form of interference pat-
tern as shown in Fig.9, where ∆Ω = 50 MHz, ΓS/2π = 20
MHZ, ΓP /2π = 15MHz. In the opposite case, ΓS,P ≪ ∆Ω,
we obtain between the frequencies Ω and ΩP a transparency
window with steep walls as shown in Fig.10 where ∆Ω = 50
MHz, ΓS/2π = 2MHZ, ΓP /2π = 1.5MHz.
The formation of transparency window here is more or less
understandable, and was reported for similar structures [13,
14]. But what is not trivial is that for our system there always
exist between the frequenciesΩ andΩP the frequencyωc (45)
where the complete transmission is observed.
V. CONCLUSION
We considered 1D N qubit chain in an open waveguide. All
qubits have equal excitation frequencies but disordered in re-
spect to their rates of spontaneous emission. We showed that
this system has a unique superradiant state with the width be-
ing the sum of all individual qubits’ widths. Other N − 1
states are dark in that they have not any widths at all and,
hence, these states are not observable. The inclusion of im-
purity qubit with different excitation frequency and the rate of
spontaneous emission results in the formation of hybridized
states which alter significantly the resonance widths of the
system only in a narrow range of the frequency detuning be-
tween qubits and impurity. We also calculated the contribu-
8tion of N- qubit state and impurity wavefunction to the forma-
tion of hybridized states depending on the frequency detuning.
We showed that a single photon transport through our system
is described by a simple expression which predicts for spe-
cific photon frequency the existence of a complete transmis-
sion peak and transparency window between two frequencies
Ω and ΩP .
Acknowledgments
Ya. S. G. acknowledges A. N. Sultanov for fruitful dis-
cussions. The work is supported by Ministry of Education
and Science of the Russian Federation under Project No. 419
3.4571.2017/6.7.
[1] R. H. Dicke Coherence in Spontaneous Radiation Processes.
Phys. Rev. 93, 99 (1954).
[2] M. O. Scully and A. A. Svidzinsky, The Super of Superradi-
ance. Science 325, 1510 (2009).
[3] P. Macha, G. Oelsner, J.-M. Reiner, M. Marthaler, S. Andre´,
G. Scho¨n, U. Hu¨bner, H.-G. Meyer, E. Ilichev, and A.V. Usti-
nov, Implementation of a quantum metamaterial using super-
conducting qubits. Nat. Commun. 5, 5146 (2014)
[4] D. S. Shapiro, P. Macha, A. N. Rubtsov and A. V. Ustinov, Dis-
persive Response of a Disordered Superconducting Quantum
Metamaterial. Photonics 2, 449 (2015),
[5] Ya. S. Greenberg and A. A. Shtygashev, Non-Hermitian Hamil-
tonian approach to the microwave transmission through one-
dimensional qubit chain, Phys. Rev. A 92, 063835 (2015)
[6] A. G. Moiseev and Ya. S. Greenberg, Single-photon superra-
diant decay of cyclotron resonance in a p-type single-crystal
semiconductor film with cubic structure. Phys. Rev. B 96,
075208 (2017).
[7] M. O. Scully, E. S. Fry, C. H. R. Ooi, and K. Wo´dkiewicz,
Directed Spontaneous Emission from an Extended Ensemble
of N Atoms: Timing Is Everything, Phys. Rev. Lett. 96, 010501
(2006)
[8] P. von Brentano and M. Philipp, Crossing and anticrossing of
energies and widths for unbounded levels. Phys. Lett. B 454,
171 (1999).
[9] A. Volya and V. Zelevinsky, Exploring quantum dynamics in an
open many-body system: transition to superradiance. J. Opt. B:
Quantum Semiclass. Opt. 5, S450 (2003).
[10] V. V. Sokolov and V. G. Zelevinsky, Collective Dynamics of
Unstable Quantum States. Ann. Phys. 216, 323 (1992).
[11] F. Keck, H. J. Korsch and S. Mossmann, Unfolding a diabolic
point: a generalized crossing scenario. J. Phys. A: Math. Gen.
36, 2125 (2003).
[12] D. C. Brody, Biorthogonal quantum mechanics. J. Phys. A:
Math. Theor. 47, 035305 (2014).
[13] Nam-Chol Kim, Jian-Bo Li, Zhong-Jian Yang, Zhong-Hua
Hao, and Qu-Quan Wang, Switching of a single propagating
plasmon by two quantum dots system. Appl. Phys. Lett. 97,
061110 (2010).
[14] Nam-Chol Kim, Myong-Chol Ko, and Qu-Quan Wang, Single
Plasmon Switching with n Quantum Dots System Coupled to
One-Dimensional Waveguide. Plasmonics 10, 611 (2014).
[15] Yue Chang, Z. R. Gong, and C. P. Sun, Multiatomic mirror for
perfect re?ection of single photons in a wide band of frequency.
Phys. Rev. A 83, 013825 (2011).
[16] Mu-Tian Cheng, Jingping Xu,and G. S. Agarwal, Waveguide
transport mediated by strong coupling with atoms. Phys. Rev.
A 95, 053807 (2017).
